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Abstract 
This paper aims at determining the non-zero distinct integer solutions to the Fermat equation of the form

12122   ba zyx . In particular, we have presented integer solutions to two different choices of Fermat equations 

represented by 12582   bb zyx  & 34142   AA zyx  . A few interesting relations between the solutions are 

also given. 
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I. INTRODUCTION 
 

Let 2,, Zrqp . The ternary equation with exponents rqp ,,   represented by 
rqp zyx   is known as the 

generalized Fermat equation which has been analyzed for many exponents r)q,(p,  including varieties of infinite 

families of exponents {L.J.Mordell [4], Michael A.Bennett  et al., [8], A.Kraus [15], B.Poonen  et al.,[17], 

S.Abdelalim,H.Dyani [18]}. In [1], D.Brown has obtained Primitive integral solutions to 1032 zyx  . In [2], 

N.Bruin has solved the equation 293 zyx   
for the primitive solutions. A complete solution to 0YX 532  Z  

is solved by J.Edwards [3]. In [5,6], The generalized Fermat equations 0zyx 543  , 1532 ZX Y  are 

analyzed by S.Siksek and M.Stoll. In [7,9], M.Bennett et al., solved the Diophantine equation 52n2n zyx  ,

n24 CB2A    . In [10], N.Billerey, L.V.Dieulefait has analyzed Fermat-type equation p55 dzx  y . In [11], 

N.Bruin has solved the Diophantine equations 642 zx  y  and 382 Zx  y  for the integer solutions. In 

[12,14], I.Chen, and H.Darmaon  have considered the equation
 

52p2a cb  , 2nn zx  y and 3nnx zy   for 

their integer solutions. In [13], S.Dahmen. solved the Diophantine equation 32n2x zy   for its integer solutions. 

In [16], B.Poonen has considered the Diophantine equations of the form mnnx zy  for their integral solutions. A 

search is made for obtaining integer solutions to three special generalized Fermat equations 

15321343 , zyxzyx   and 
754 zyx   by M.A.Gopalan et al.,[20]. In [21], B.L.Bhatia and Supriya 

Mohanty have considered Nasty Numbers and their characterizations. Also, one may refer the website [19].  

 

These results motivated us to search for integer solutions to the Fermat equation represented by 
1b21a22 zyx    . In this paper, a method has been described to solve this equation in integers for the choices of 

ba &  given by 12,2&2)12(  AbAaba k
. It seems that this set of solutions is not presented earlier. 

A few interesting relations between the solutions are also given. 
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II. METHOD OF ANALYSIS 
 

The generalized Fermat equation to be solved is given by 

  
1b21a22 zyx                           (1) 

Assuming 
1a21b21baab2 )1n(nz;)1n(ny;)1n(nx   

 

in (1), we get 
 )1b2()1a2(212 nnnn    

Equating the exponents on both sides, we have 

           )1a2()12(                          (2) 

            )1b2()2(                                            (3) 

We present below two different methods of solving (2) and (3) leading to two different sets of solutions to (1). 

 

Method 1: 

The substitution 0k,2 1k    

in (3) gives 
k2)1b2(   and from (2), we have 






















)1a2(

12)1b2( 1k

  

In particular, when 
k2)1b2(a  , it is noted that 

12;1;2)12(  kkb   

 

Result:  The values of z,y,x  satisfying the considered equation are given by 

  

12)1b2(22

1b2

1b2)1b2(b2)1b2(22)1b2(

k1k

kkk

)1n(nz

)1n(ny

)1n(nx















 

Illustration: 

For 1k  in the above solutions, we get the solutions of the equation 12582   bb zyx  to be 

  
)398()24( 2

)1(   bbb nnx            (1a) 

)12()1(  bnny              (1b) 

)58(4 )1(  bnnz              (1c) 

 

A few numerical examples are exhibited in the table below: 

 

n  b  x  y  z  

2 1 206 3*2  
31 3*2  

134 3*2  

2 4 16718 3*2  
91 3*2  

374 3*2  

3 2 5310 4*3  
51 4*3  

214 4*3  

3 3 10215 4*3  
71 4*3  

294 4*3  
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Properties: 

A few interesting properties among the solutions of (1a),(1b) and (1c) are presented below: 

1. zynn b  463 )1(  

Proof:  Dividing (1c) by (1b), the above result is obtained. 

2. 
398244)5138(4 22

)(   bbbbb zyzxy  

Proof: )1(
4

 n
y

z
                (4) 

Therefore, 
4

4

y

yz
n


                        (5) 

Using (4) and (5) in (1a), we get after simplification 
398244)5138(4 22

)(   bbbbb zyzxy  

3. 
12  bzxy  

Proof: 
2422 )1(  bnny  

Raising (1c) to the power b , we get 
bbbb nnz 584 2

)1(   

Therefore, 
42

1
y

z
n

zy

x

b
   {by (4)} 

Thus, 
12  bzxy  

4. 
24241816 )( yzzy bb  

 

Proof: 
2422 )1(  bnny  

Raising (1b) to the power 24 b , we have  

2882424 2
)1(   bbbb nny  

Using (4) and (5), we have 
24241816 )( yzzy bb  

 

5. 
24131616 )( yzxzy bb  

 

Proof: Raising (1c) to the power 1b , we get  

2425138441 )1()1(
2   bbbbb nxnnnz  

Employing (4) and (5), we have 
24131616 )( yzxzy bb  

 

6. Each of the following represents a Nasty Number [21] 

i. 




















398

)5138(4

2

2

6
bb

bb

z

xy
 

ii.  18166 by  

  Proof for i:  



 
[Thiruniraiselvi, 5(10): October 2018]                                                                         ISSN 2348 – 8034 
DOI 10.5281/zenodo.1475189                                                                               Impact Factor- 5.070 

    (C)Global Journal Of Engineering Science And Researches 

 

165 

In property 2, it is observed that 




















398

)5138(4

2

2

bb

bb

z

xy
 is a perfect square. 

Thus, 




















398

)5138(4

2

2

6
bb

bb

z

xy
 is a Nasty Number. 

  Proof for ii:  

From property 5, it is seen that  1816 by  is a perfect square. And thus,  18166 by  is a Nasty Number.  

7. Each of the following represents a Perfect square 

i. 


















24

1816

b

b

z

y
 

ii. 


















13

1616

b

b

xz

y
 

              Proof for i:  The above properties are readily obtained from properties 4 and 5.  

8.  2724 by  is a cubical integer 

   Proof for ii: Dividing (1c) by (1b), we have 
463 )1(  bnn

y

z
 

Using (4) and (5), it is noted that 
31242724 ])[(   bb zyzy , which is a cubical integer. 

 

 

Method 2: 

Eliminating   between (2) & (3), we get 

  1)1b2()1a2(                         (5) 

This is solved for suitable choices of b&a . In particular, taking 12,2  AbAa  in (5), it is satisfied by 

AA 2,12    and from (3), we have )34(  AA  

Result: The solutions of 
34142   AA zyx are given by 

  
)388()34( 22

)1(   AAAA nnx            (2a) 

)34()12( )1(   AA nny             (2b) 

  
)14(2 )1(  AA nnz              (2c) 

A few numerical examples are exhibited in the table below: 

 

n  A  x  y  z  

2 2 5022 3*2  
115 3*2  

94 3*2  

3 1 187 4*3  
73 4*3  

52 4*3  

4 2 5022 5*4  
115 5*4  

94 5*4  

5 3 9845 6*5  
157 6*5  

136 6*5  



 
[Thiruniraiselvi, 5(10): October 2018]                                                                         ISSN 2348 – 8034 
DOI 10.5281/zenodo.1475189                                                                               Impact Factor- 5.070 

    (C)Global Journal Of Engineering Science And Researches 

 

166 

Properties: 

A few interesting properties among the solutions of (2a),(2b) and (2c) are presented below: 

 

i. 








nz

y
 is a perfect square 

Proof: Dividing (2b) by n(2c), we get 
2)1( 








n

nz

y
, a perfect square 

ii. 


















nz

y

A

A

920

920

6 is a Nasty Number. 

Proof: Dividing (2b) by (2c) and raising to the power )920( A , we get 

1840920

920

920

)1( 



















AA

A

A

nn
z

y
 

Therefore, 


















nz

y

A

A

920

920

6 is a Nasty Number. 

 

iii. 








14An

yz
 is a biquadratic integer. 

Proof: Multiplying (2b) and (2c), we have 
4814 )1(   AA nnyz    

Therefore, 
412

14
])1[( 










 A

A
n

n

yz
, a biquadratic integer 

iv. 
















 28 2
)1( zn

xn

A

A

is a perfect square 

Proof: 
184

2

22
)1(  







 AAA nn
z

x
 

2
2

218

2

2
)1(



























 

A

A

A

n

zn

xn
, a perfect square 

v. 














  1214 )1( AA nn

yz
 is a cubical integer. 

Proof: (6) is written as  

 31236

1214
)1()1(

)1(






















AA

AA
nn

nn

yz
, a cubical integer. 
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III. CONCLUSION  
 

In this paper, we have considered the generalized Fermat equation 
1b21a22 zyx    and obtained integer 

solutions for the choices of ba &  given by 12,2&2)12(  AbAaba k
. To conclude, one may 

attempt to find integer solutions to the considered Fermat equation for the other choices of ba & . 
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