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Abstract
This paper aims at determining the non-zero distinct integer solutions to the Fermat equation of the form

x2 = y23+1 +220+1 n particular, we have presented integer solutions to two different choices of Fermat equations

represented by x2 = y80+5 4 ;2041 & 42 _ yAA+L, ,4A+3 A few interesting relations between the solutions are
also given.
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I.  INTRODUCTION

Let p,Q,r € 222 . The ternary equation with exponents p,(, I represented by X P4 yq = 2" is known as the
generalized Fermat equation which has been analyzed for many exponents (p,q,r) including varieties of infinite
families of exponents {L.J.Mordell [4], Michael A.Bennett et al., [8], A.Kraus [15], B.Poonen et al.,[17],
S.Abdelalim,H.Dyani [18]}. In [1], D.Brown has obtained Primitive integral solutions to x2+y3 =710, 1n [2],
N.Bruin has solved the equation x3 + y9 = 72 for the primitive solutions. A complete solution to X2 +vY34+72%=0
is solved by J.Edwards [3]. In [5,6], The generalized Fermat equations x3+y* +75=0,X%+Y3=7% are
analyzed by S.Siksek and M.Stoll. In [7,9], M.Bennett et al., solved the Diophantine equation x2" +y?" = z°,
A*+29B2-C" . In [10], N.Billerey, L.V.Dieulefait has analyzed Fermat-type equation x° + y5 =dzP. In [11],
N.Bruin has solved the Diophantine equations x? +y* =+z% and x?+y8 =Z3 for the integer solutions. In
[12,14], 1.Chen, and H.Darmaon have considered the equation a2 +b%® =¢°, x" + y" =z%andx" + y" =22 for
their integer solutions. In [13], S.Dahmen. solved the Diophantine equation x2 + y2n = 73 for its integer solutions.

In [16], B.Poonen has considered the Diophantine equations of the form x" + y" = z™ for their integral solutions. A
search is made for obtaining integer solutions to three special generalized Fermat equations

X3 + y4 = 213, X2 + y3 = Z15 and X4 = y5 + Z7 by M.A.Gopalan et al.,[20]. In [21], B.L.Bhatia and Supriya

Mohanty have considered Nasty Numbers and their characterizations. Also, one may refer the website [19].

These results motivated us to search for integer solutions to the Fermat equation represented by

x2 =y2a+l z20+1 n this paper, a method has been described to solve this equation in integers for the choices of

a&hb givenbya =(2b +l)2k &a=2Ab=2A+1. It seems that this set of solutions is not presented earlier.
A few interesting relations between the solutions are also given.
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Il. METHOD OF ANALYSIS

The generalized Fermat equation to be solved is given by

X2 _ y2a+l 4 Z2b+1 o)

Assuming X = n%(n +1)20+a+b+l.y _ n B 1 1)20+L. 7 _ 7 p)2aHl
in (1), we get n2o+l | n2a _ n(2.31+1)ﬂ + n(2b+1)7/
Equating the exponents on both sides, we have
a+)=(2a+1)p )
(2a) = (2b+1)y ®)
We present below two different methods of solving (2) and (3) leading to two different sets of solutions to (1).
Method 1:
The substitution ¥ = 2k+1, k>0

k+1
in (3) gives & = (2b +1)2k and from (2), we have f3 = L(Zb +1)2 +1]

(2a+1)
In particular, when a = (2b +1)2k, it is noted that & = (2b +l)2k f=Ly= 2k+l

Result: The values of X,V,Zz satisfying the considered equation are given by

« — (202 (n +1)2(2b+1)2kb+(2b+1)2k+b+1

y — n(n +1)2b+1
k+1 k
7 =02 (412204024
Illustration:
For k = 1in the above solutions, we get the solutions of the equation x2 = y80+5 4 720+1 to he
2
x = n(40+2) (), 1y +90+3) (a)
y = n(n+1) 2+ (1b)
z =n*(n+1)€0+>) (10)

A few numerical examples are exhibited in the table below:

n [p [X y z

2 |1 26 %320 olxg3 | H4x3l3
2 |4 o18x3167 | olugd | 54 x337
3 2

3 3

310 *453 31 *45 34 *421
315 * 4102 31 *47 34 *429
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Properties:

A few interesting properties among the solutions of (1a),(1b) and (1c) are presented below:
1. nP(n+®+ty =7
Proof: Dividing (1c) by (1b), the above result is obtained.
2 2
4(8b“ +13b+5 4y\4b+2 ,8b“ +9b+3
xy 4 ) = (z-y*")**+22
VA

y4

Proof: (n+1) 4)

4
Z —
Therefore, N = j/ )

y

4(8b2 +130+5) _ ( 4b+2 Zsb2 +9b+3

Using (4) and (5) in (1a), we get after simplification Xy Z— y4)

3 Xy2 _ Zb+1

Proof: y2 = n2(n Jrl)4b+2

2
Raising (1c) to the power b , we get 2P —n% (n +1)8b +5b
X Z
2—b = n+1:_4 {by (4)}
y 'z y
b+1

Therefore,

Thus, Xy2 =1
n y16b+18 _ Z4b+2(Z _ y4)2

Proof: y2 = n2(n +1)4b+2

Raising (1b) to the power 4b + 2, we have
2
y4b+2 _ n4b+2(n +1)8b +8b+2

Using (4) and (5), we have Yy
5. y16b+16 — Xz3b+1(z _ y4)2

Proof: Raising (1c) to the power b +1, we get
2
b+1 _ r]4b+4 (n Jr:|_)8b +13b+5

16b+18 _ db+2,, _ 4y2
=22y

— an(n +1)4b+2

16016 _ , 3b+1,, 442
=Pz -yT)

Z
Employing (4) and (5), we have Y
6. Each of the following represents a Nasty Number [21]

. Xy4(8b2 +13b+5)

28b2+9b+3

" 6(y16b+18)
Proof for i:
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Xy4(8b2+13b+5)
In property 2, it is observed that 5 is a perfect square.
Z8b +9b+3
Xy4(8b2 1+13b+5)
Thus, 6 5 is a Nasty Number.
Z8b +9b+3
Proof for ii:

16b+18) 16b+18)

From property 5, it is seen that (y is a perfect square. And thus, 6(y is a Nasty Number.

7. Each of the following represents a Perfect square

16b+18
i y o
Z4b+2

. y16b+16
X7 3b+1
Proof for i: The above properties are readily obtained from properties 4 and 5.

8. (y24b+27) is a cubical integer

z
Proof for ii: Dividing (1c) by (1b), we have — = n3(n +1)6b+4
y

Using (4) and (5), it is noted that y24b+27 =[(z- y4)22b+1]3, which is a cubical integer.
Method 2:
Eliminating o between (2) & (3), we get
Ra+)pB—-(2b+1)y =1 (5)

This is solved for suitable choices ofa & b. In particular, taking a=2A,b=2A+1 in (5), it is satisfied by
L =2A+1y=2A and from (3), we have @ = A(4A+3)

Result: The solutions of X2 = y4A+1 + Z4A+3 are given by
. n(4A2 +3M) (n11) (BAZ +8A+3) (22)
y = nA+D (| 1)(4A+3) (2b)
7 =n?A(n+1) @A (20)

A few numerical examples are exhibited in the table below:

X y z
222 *350 25 *311 24 *39

gl B W NS
w N ol I\)>
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Properties:

A few interesting properties among the solutions of (2a),(2b) and (2c) are presented below:

A is a perfect square
nz

Proof: Dividing (2b) by n(2c), we get (lj =(n +1)2, a perfect square
nz
20A+9
6 y_ is a Nasty Number.
Z20A+9n

Proof: Dividing (2b) by (2c¢) and raising to the power(20A+9),

y20A+9 20A+9 40A+18
_ + +
,20A+9 =N (n+1)

20A+9

y .
Therefore, 6{ 220A+9n is a Nasty Number.

(n4A+1) is a biquadratic integer.

Proof: Multiplying (2b) and (2c), we have yz = n4A+1(n +1)8A+4

Therefore, Z_ | [(n +1)2A+1]4 , a biquadratic integer
r]4A+1
n AX .
5 is a perfect square
(n+ 1)8A 22

A 2
n"x 2
> =(n2A ) , a perfect square
(n+1)8A +122
yz is a cubical integer
n4A+1(n+1)2A+1
Proof: (6) is written as
pA
1AT1 y Tl (n +1)6A+3 = [(n +1)2A+1]3 , a cubical integer.
n* A (n+1)°7"
166

ISSN 2348 - 8034
Impact Factor- 5.070

we

get

(C)Global Journal Of Engineering Science And Researches



THOMSON REUTERS

[Thiruniraiselvi, 5(10): October 2018] ISSN 2348 - 8034
DOI 10.5281 /zenodo.1475189 Impact Factor- 5.070
I11.  CONCLUSION

In this paper, we have considered the generalized Fermat equation X~ =Yy

2 _y2a+l  72b+1 ond obtained integer

solutions for the choices of a &b given bya=(2b +l)2k &a=2Ab=2A+1. To conclude, one may
attempt to find integer solutions to the considered Fermat equation for the other choices of a &b .
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